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In this paper we provide a prescription for obtaining a small non-Gaussianity and the observed
dipole asymmetry in the cosmic microwave background radiation. The observations inevitably
lead to multi-field inflationary dynamics, where each field can create positive or negative large
non-Gaussianity, resulting a fine cancellation but with an observable imprint on the hemispherical
asymmetry. We discuss this possibility within a simple slow-roll scenario and find that it is hard
to explain the observed dipole asymmetry. We briefly discuss some speculative scenarios where one
can explain dipole asymmetry.
INTRODUCTION
The current observations from the Planck suggest that
the observed non-Gaussianity is very tiny [1], and the
limits are all consistent with a single canonical field in-
flation model with Bunch-Davis initial vacuum condi-
tion [2, 3] 1. On the other hand it has also been observed
that there exists a hemispherical asymmetry in the cos-
mic microwave background (CMB) radiation [5], confirm-
ing the earlier results of WMAP [6–8]. It has been argued
that initial fluctuations in one of the fields other than
the inflaton [9, 10] can in principle imprint this asym-
metry provided this hemispherical asymmetry is mod-
eled by the dipolar modulation in the CMB anisotropy:
Pζ(k, r) = Pζ(k)[1+2A~p ·~r/rls], where rls is the distance
to the last scattering surface. For the present comoving
modes, Pζ(k) is the isotropic Gaussian perturbations, A
is the magnitude of the dipole asymmetry and its di-
rection is given by ~r [7]. The amplitude is bounded by
A = 0.072 ± 0.022 for ` ≤ 64 [5, 6]. The challenge is to
explain this anisotropy without altering the large scale
homogeneity and the amplitude of the density perturba-
tions 2.
One particular explanation arises via the mode-mode
interactions, where small and long wavelength modes can
couple. This can arise naturally if the perturbations are
non-Gaussian. In the case of a single canonical field re-
sponsible for creating the curvature perturbations, the
strength of the dipole anisotropy would be proportional
to the local bispectrum, i.e. |A| ∝ fNL, see for instance,
Ref. [9–11]. However, when there are multiple sources co-
exist, it is possible to create a positive and a negative local
bispectra, i.e. ±fNL, from different perturbation sources,
where they partly cancel and leave us with a smaller to-
tal bispectrum, i.e. fNL ∼ O(1). Typically one expects
1 The data is also compatible with uncoupled multi-field models of
inflation provided all the fields have a unique late-time attractor
behavior giving rise to solely adiabatic perturbations, such as in
the case of Assisted Inflation [4].
2 By the existence of initial super-Hubble perturbations, we mean
that the perturbations in a particular field are already present
even before the pivot scale k∗.
+fNL, but −fNL can be obtained in many scenarios, such
as non-Gaussianity generated during preheating [12, 13],
or in a spectator scenario where the spectator field seeds
the perturbations during inflation but decays before the
end of inflation [14].
FINE CANCELLATION BETWEEN ±fNL
In order to illustrate our point, let us consider a very
simple setup with two fields, σ and ψ, dominantly sourc-
ing the curvature perturbations. According to δN for-
malism, see for instance [15], the number of e-folds of
universe expansion, N , can be written as a function of
the fields N(σ, ψ). Any perturbation (δσ, δψ) in the fields
would generate the perturbation (up to the second order)
δN = Nσδσ+Nψδψ+
1
2
(
Nσσδσ
2+Nσψδσδψ+Nψψδψ
2
)
,
(1)
where the subscripts mean derivatives w.r.t the fields ψ
and σ. The power spectrum of the curvature perturba-
tions then becomes
Pζ = PδN = N
2
σPδσ +N
2
ψPδψ =
(
N2σ +N
2
ψ
)H2∗
4pi2
, (2)
where the last equivalence comes from the quantization
of the slow roll fields in the inflationary background, and
H∗ is the Hubble rate of expansion during inflation.
The primordial local bispectrum is then given by, see
[16]:
fNL =
5
6
NσσN
2
σ +NψψN
2
ψ + 2NσψNσNψ
(N2σ +N
2
ψ)
2
. (3)
Let us define α as the contribution to the curvature per-
turbations arising from the σ field,
α ≡ N
2
σ
N2σ +N
2
ψ
, 0 < α < 1. (4)
In this part of the calculation, we are interested in the
simplest case where the last term in Eq. (3) (i.e. Nσψ) is
negligible. This can be satisfied in many non-interacting
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2models of inflation, see for instance [17]. In such sce-
narios, the primordial local bispectrum can be written
as
fNL = α
2fNL
(σ) + (1− α)2fNL(ψ). (5)
Here the individual bispectra are defined as
fNL
(σ) ≡ 5
6
Nσσ
N2σ
, fNL
(ψ) ≡ 5
6
Nψψ
N2ψ
. (6)
In general, there is a possibility in Eq. (5) to get op-
posite significant contributions from the two terms, so
they mostly cancel and only generate a small total fNL
under our current observational limit [1]. For example,
they can both be O(30), but with opposite signs. Their
amplitudes cannot be arbitrarily large on the other hand,
because they are constrained by the observational limit
on the trispectrum parameter
τNL =
N2σN
2
σσ +N
2
ψN
2
ψψ
(N2σ +N
2
ψ)
3
=
36
25
(
α3(fNL
(σ))2 + (1− α)3(fNL(ψ))2
)
, (7)
where we have also neglected the Nσψ contribution.
INITIAL FLUCTUATION FROM A SINGLE
FIELD
When an initial fluctuation exists, it can lead to dif-
ferent field configurations at the Hubble exit of the pivot
scale in different Hubble patches, and therefore a modu-
lation in the power spectrum will arise naturally [9]. Let
us consider two separate Hubble patches with an initial
fluctuation ∆σ in the σ field alone. It will lead to a
modulation in the power spectrum of the curvature per-
turbations, indicated by the parameter, see [9] 3
A =
∆Pζ
4Pζ
=
1
4Pζ
∂Pζ
∂σ
∆σ. (8)
In our simplest setup, the perturbation ∆σ will not
cause any non-negligible perturbation in the total energy
density, or H∗. This means
|A| =
∣∣∣∣∣ NσNσσ2(N2σ +N2ψ)∆σ
∣∣∣∣∣ = 35 |∆σ|√Pδσ∗
√
Pζ
∣∣∣f˜NL∣∣∣ , (9)
where we have defined the effective fNL as
f˜NL ≡ α 32 fNL(σ). (10)
3 The conventions of A are different in [5] and [9], by a factor of
4. We are using the convention of the Planck satellite in [5], so
our Eq. (8) from [9] acquires an additional coefficient 4.
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FIG. 1. The effective |f˜NL| as a function of α, in the case of
the observed fNL = 0 and τNL = 2800.
Now, Eq. (9), can be seen as the dipolar asymmetry
A being proportional to the effective f˜NL, which corre-
sponds to the observed fNL when only one field con-
tributes to the curvature perturbations. In the limit
α → 1, i.e. when σ totally dominates the curvature per-
turbations, we get f˜NL → fNL, as in [11].
However if we allow a deviation from α → 1, it is
possible to achieve a much larger f˜NL, and therefore an
enhanced CMB asymmetry |A|, within a small observed
fNL. This can be realized by a (partial or complete) can-
cellation in Eq. (5), between the opposite contributions
by the two fields σ and ψ.
Since the cancellation in Eq. (5) is constrained by τNL
in Eq. (7), we can solve fNL
(σ) and fNL
(ψ) from Eq. (5)
and Eq. (7). This allows us to write the effective f˜NL as
a function of the observed fNL and τNL, as
for ±fNL(σ) > 0,
f˜NL =
√
αfNL ±
√
1− α
√
25
36
τNL − fNL2. (11)
The latest observation constrains the primordial bis-
pectrum and trispectrum by −8.9 < fNL < 14.3 and
τNL < 2800 at 95% CL. [1]. As an example, we take
fNL = 0, τNL = 2800, and find |f˜NL| can reach a maxi-
mum of 45 when α→ 0. This is shown in FIG. 1.
INITIAL FLUCTUATIONS FROM MULTI-FIELD
We now turn to the general multi-field inflationary
models, with φµ, µ = 0, 1, . . . , n − 1, as all the exist-
ing n fields collectively responsible for inflation and per-
turbations. We assume they are all canonical slow-roll
fields, so according to δN formalism the primordial local
3trispectrum parameter is given by:
τNL =
NµNµλNλνNν(∑
µ
N2µ
)3 =
∑
µ
Q2µ(∑
µ
N2µ
)3 . (12)
Here we do not neglect the cross-coupling terms Nµν ,
where µ 6= ν, and we have defined 4
Qµ ≡ NνNνµ. (13)
Now, if some initial fluctuation generates a field differ-
ence ∆φ0 for φ0 at the Hubble exit of pivot scale, while
leaving other fields φi, i = 1, 2, . . . , n − 1 unperturbed,
it is straightforward to show that the CMB anisotropy
would be 5
A =
Q0
2
∑
µ
N2µ
∆φ0, (14)
by assuming that the change in the total energy density
by ∆φ0 will not create significant dipole asymmetry A.
From Eq. (12), we know that
Q20 <
∑
µ
Q2µ = τNL
(∑
µ
N2µ
)3
. (15)
This gives an upper bound for
|A| < 1
2
|∆φ0|
√
τNL
∑
µ
N2µ =
|∆φ0|
2
√
Pδφ0∗
√
τNLPζ , (16)
where the power spectrum of the pivot scale field pertur-
bations δφ0∗ is Pδφ0∗ = H
2
∗/4pi
2 for canonical slow roll
fields.
By substituting the recent observational value of Pζ =
2.196 × 10−9, and the latest upper bound on τNL <
2800 [1], we obtain a model-independent upper bound
on
|A| < 1.2× 10−3 |∆φ0|√
Pδφ0∗
. (17)
To achieve the currently observed value |A| ∼ 0.07, we
would typically need
|∆φ0|√
Pδφ0∗
> 56 . (18)
4 It is worth noting that in two field scenarios, Qµ, or the second
order dynamics can be exactly solved from the expressions of
spectral index ns and the local bispectrum fNL, and hence also
the asymmetry parameter, A. Then A is solely determined by
the background dynamics of the universe and α, giving precise
values for A instead of the inequality in Eq. (16).
5 In general, the field differences can occur for all the fields as
∆˜φµ. However, for canonical fields we can always perform a
rotational field redefinition, so any field difference configuration
is aligned along the φ0 direction. After the rotation we will get
∆φ0 =
√∑
µ
∆˜φµ
2
, but ∆φi = 0. This allows us to perform the
follow-up analysis.
SIMPLE SCENARIOS
Here we discuss the possibility of creating the asym-
metry A by either a curvaton [18–20], or a spectator
field [14], which we denote as φ0. We may assume that
the curvaton is fully embedded within a visible sector
not to excite dark radiation [21]. The effective potential
during inflation can be written as
Vtot = V (φi) + U(φ0). (19)
If the perturbation ∆φ0 comes directly from the initial
fluctuations of φ0 at some scale k = asHs, where we have
used the subscript s for the Hubble exit of the initial
fluctuations, this perturbation has the order
∆φ0s ∼ Hskrls
pi
. (20)
Here rls is our distance to the last scattering surface.
After the Hubble exit, the initial fluctuation ∆φ0
evolves according to
∆φ0s
U ′s
=
∆φ0
U ′
. (21)
At the Hubble exit corresponding the pivot scale, indi-
cated by the subscript “∗”, we will have
|∆φ0|√
Pδφ0∗
∼ BU
′
∗
U ′s
as
a∗
H2s
H2∗
. (22)
where B = 2a∗H∗rls ∼ O(1), and for inflation we can
approximate Hs/H∗ ∼ 1. Also, we have
U ′∗
U ′s
= e−
∫Ns
N∗ ηφ0 (N)dN , (23)
as
a∗
= eN∗−Ns = e−
∫Ns
N∗ dN . (24)
Since ηφ0 > −1 is the second order slow roll parameter
for φ0, substituting the above relations into Eq. (22), we
find
|∆φ0|√
Pδφ0∗
∼ Be−
∫Ns
N∗ (1+ηφ0 (N))dN < B. (25)
Therefore we can see that as long as the second or-
der slow roll condition is satisfied, ηφ0 > −1, no matter
how its potential varies it cannot overcome the redshift
effect during inflation. In this regard our conclusions are
similar to the case of Ref. [10], but our results are more
generic.
SPECULATIVE IDEAS
There are number of ways Eq. (18) could be satisfied.
Here we propose a few possibilities.
4• In footnote 5, we have argued that if the initial
fluctuations of many fields contribute collectively
to |A|, then they can bring about a larger ∆φ.
Therefore Eq. (18) can be easily satisfied if there
are many such fields. One such possibility could
arise from assisted inflation [4].
However it is a fine tuned scenario to generate and
coordinate these perturbations, so their effects on
|A| are added up instead of canceling out.
• When the second order slow roll condition is vio-
lated, even if very violently for a very short time, it
may overcome the exponential suppression in Eq.
(25).
• As noticed earlier, there are other sources of creat-
ing large −fNL in the context of preheating, which
does not rely on initial fluctuations during slow-roll
inflation in previous sections, for a review on pre-
heating, see [22]. During preheating, the non-local
terms can become important, due to the mode-
mode coupling. Inherently, this will gives rise to
large non-Gaussianity [12, 13].
One can now imagine that there could be a fine
cancellation of various different sources of bispec-
trum, which might lead to a small fNL but a large
anisotropy A.
CONCLUSION
In this paper we have provided a general formula for
more than one sources independently seeding large posi-
tive and negative fNL, but the resultant non-Gaussianity
remains tiny in order to match the observed data [1]. In
principle this fine-tuned cancellation can account for the
hemispherical anisotropy observed in the CMB [5]. Al-
though we have found that a simple example of uncoupled
fields – inflaton or curvaton /spectator can lead to +fNL
and −fNL, they cannot give rise to the observed large
dipole asymmetry. On the other hand, during preheat-
ing large fluctuations can be created, which can account
for the dipole asymmetry. This latter scenario presents
an interesting possibility which deserves more systematic
study.
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